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Redesigning the Dynamics of Structural Systems
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and

Michael M. Bernitsas' and Jeffrey L. Stein*
University of Michigan, Ann Arbor, Michigan 48109

The critical link between two powerful modeling techniques, component mode synthesis and large admissible
perturbation theory, is established. This new redesign process allows structural systems that are composed of
several substructures to be redesigned. The process is developed in three steps. First, the analytical first-order
perturbation relationships between the structural system eigenvalues and the eigenvalues of each independent
substructure are developed. Second, a transformation matrix is developed for each perturbation relationship, then
combined to form the ultimate structural transformation matrix. Third, a minimization problem is defined that
uses the ultimate transformation matrix as a set of constraint equations. The result of this minimizationis a set of
changes to the substructure eigenvalues that approximately affect the objective changes to the structural system
eigenvalues. The success of the redesign process is demonstrated by an isolated platform example. The changes in
the substructure eigenvalues are predicted via the redesign process, then substituted back into the full nonlinear
equations for the structural system, and the results are discussed. This work forms the basis for future redesign
developments when other static and dynamic objectives are to be achieved for structural systems.

Nomenclature

[Txy] = transformation matrix from the {AY } space
to the {A X} space

[X] = matrix of baseline structure
[Xx] = [{x1 Hxa} - -]
{x1}
(xy =<{x}
[X'] = matrix of objective structure
[AX] = matrix change from the baseline to the objective
structure, [X'] =[X]+ [AX]
[AX] =[{Ax; HAx}--1]
{Ax,}
(Ax} = {Ax}

I. Introduction

TRUCTURAL models generally are developed to predict static

and dynamic responses of a structure. These responses are then
assessed with respect to the objective performance criteria of the
structure. When the predicted responses do not meet the perfor-
mance criteria, the model may be used to predictthe design changes
that will affect the objective changes in performance. This is the
redesign process. A new redesign methodology is developedin this
work thatis applicableto a structural system model that is composed
of many substructure models.

Currently the ability to make large changes in the performance
of a single structure is achieved through the application of large
admissible perturbation (LEAP) theory. LEAP theory stems from
the matrix perturbation techniques developed by Stetson' and im-
proved by Stetson and Harrison,” Sandstrdm and Anderson,* and
Kim and Anderson* These linear methods find an objective struc-
ture very close to the baseline structure and require a new finite
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element solution to proceed to the next increment. It is not required
to rerun the finite element model using values found in the inadmis-
sible linear prediction step in the implementation of LEAP theory.
The LEAP theory approach® 7 allows all incremental predictionsto
be made from the results of the baseline finite element solution and
the correspondingnonlinear corrections. LEAP theory is applicable
to a finite element representation of a single structure; the use of
substructuring is not currently developed.

Assume a complex structural system has been decomposed into
substructures (or that the substructure models have been devel-
oped independently) and that the substructures’ dynamics have
been cast in terms of eigensolutions. Of course, this implies that
there is a truncated set of eigenvalues and eigenvectors that ad-
equately describe the dynamics of each substructure. Component
mode synthesis (CMS) allows the assembly of these modal sub-
structure models to compose a structural system model. Among the
first to contribute to this technique are Gladwell® Hurty,’ Craig
and Bampton,'® Goldman,'! Hou,'? Bajan et al.,!* MacNeal,'* and
Benfield and Hruda.!> One clear benefit of this approach is that a
small number of modes can be used to describe the dynamics of the
substructures for most applications.

Presently, the missing link between these two valuable tech-
niques, LEAP theory and CMS, is developed. Thatis, a new redesign
processthatis applicableto a structural system model is developed.
Itis assumed that the baseline substructure models have been estab-
lished during the initial design phase based on the basic geometry
and material properties of each substructure.If some of the eigenval-
ues of the baseline structural system must be changed to meet some
objective performance criteria, then an objective structural system
model must be developed. The remainder of this work develops the
process by which the baseline structural system is redesigned to
form the objective structural system.

The objective of this work is to develop a method to predict
the changes in the substructure eigenvalues that will affect the de-
sired change in the structural system eigenvalues. This objective
is achieved in three steps. The first step is the development of
the first-order perturbation relationships, that relate changes in the
eigenvaluesof the substructuresto the correspondingchanges in the
structural system eigenvalues. The development of these analytical
perturbationrelationshipsfor structural systems is a major contribu-
tion of this work. Second, a transformation matrix is developed for
each perturbationrelationship, and these matrices are combined to
form the ultimate structural transformation matrix. Finally, a min-
imization problem is defined that uses the ultimate transformation
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matrix as a set of constraintequations. The result of this minimiza-
tion is a set of changes to the substructure eigenvalues that ap-
proximately affect the objective changes to the structural system
eigenvalues.

II. Background: Component Mode Synthesis

CMS is used in this work to assemble the structural system. This
technique allows substructuresto be combined, via the substructure
connectivity constraints, while retaining the analytical relationship
between the substructuredegrees of freedom and the structural sys-
tem degrees of freedom. An outline of the technique is presented
because this feature is consequential to the development of the new
redesign process.

Assume each substructure is represented by second-order equa-
tions in the form

[mo o } + [k 1xn } = {fe} (1)

where {x,,} is a vector that represents the physical degrees of free-
dom of the rth substructure. Note that damping can be included
in Rayleigh form. The eigensolution is found based on a mixture
of fixed and free geometric boundary conditions yielding a set of
modes. These modes are normalized with respect to the mass ma-
trix, thus forming the modal matrix [CDZ’r)]. The modal substructure
degrees of freedom {p,,} are related to the physical substructure
degrees of freedom by

(xo} =120, Hre} (2)
Premultiplying Eq. (1) by [®@{,,]" and substituting Eq. (2) yields

{por } + [Aw P } = (0} 3)

where [A )] is the diagonal eigenvalue matrix of the rth substruc-
ture. These substructures are concatenated to form

(xo} [oy,] 101 - | {rn}
xy=<{xall=] 01 [0} {ro} b =[o"1(p}
4)
()] [lrod| 01 o] flo)
{pt= {ﬁ(z) } = [O] - [A(z)] e {P(z) }

The first step in the synthesis process is to write the physical con-
straint equations, corresponding to the substructure connectivity,in
terms of the physical degrees of freedom of the substructures,thatis,

[Aconslraim]{x } = {0} (6)

The physical constraint equations are converted to modal degrees
of freedom:

[Aconslraim]{x} = [Aconstraim][q)n]{p} =l Aconslraim,CD”J {P} = {0} (7)

and partitioned into [A,] and [A,] such that [A,] is square and {p}
is partitionedinto {p, } and {p, } to correspond with the partitioning
of [A,] and [A,], that is,

[Aeomsancor 1 (7] = L4214 T [0 = o) )
{pe}

Now {p,} represents the dependent degrees of freedom, and {p, }
represents the independent degrees of freedom. The relationship
between the dependent and independentdegrees of freedom is

vy = [P N = 18101 = 1110 )
{pe}

where
—[A]7'[A]

(10)

The degrees of freedom of the structural system {q } are related to the
modal degreesof freedomof the substructures{p } via the [ 3] matrix.

The [B] transformationmatrix is used to constrainthe substructure
equations to form the system equations:

@)= (BT B ' [BY [AwlBlig} = [Aydig}  (11)

The eigenvalue problem for the structural system is
([Asys] = A [T D{wys } = {0} (12)

which can be solved for the eigenvalues and eigenvectors of the
system, Ayy; and {w};, and the eigenvalue and eigenvector ma-
trices [Agy] and [@gy ] =[{wiy ki {Wiys)2 - ..]. The inverse of the
eigenvector matrix is defined as

[rsys] = [(Dsys]_l ) [Fsys]T = [{ysys}l {ysys }2 .. ] (13)
for computational convenience that will be demonstrated later.

III. Structural System Redesign

Assume that a baseline structural system model has been devel-
oped and that the eigenvalues are known. If any of the eigenvalues
of the baseline structural system must be changed to meet some
objective performance criteria, then an objective structural model
must be developed. The objective of this work is to develop a pro-
cess to predict the changes in the substructureeigenvalues that will
affect the desired change in the structural system eigenvalues. This
objective is achieved through the developments made in the fol-
lowing sections. The first-order perturbation relationships between
changes in the structural system eigenvalues and changes in the
substructure eigenvalues are developed in the first section. Next,
the transformation matrices, which are based on the perturbation
relationships developed in Sec. I, and the ultimate transformation
matrix are developed. Finally, the ultimate transformation matrix is
used to predict the changes in the substructure eigenvalues that will
affect the objective changes in the structural system eigenvalues.

A. Developing Analytical Perturbation Relationships

The first step in the structural system redesign process is to ex-
amine the equations governing the eigenvalues for the objective
structure. Let matrices representing the properties of the objective
structure be represented with the primed notation. The equation for
the diagonal eigenvalue matrix for the objective structure is

[AL,] = [T}, (AL ]I, ] (14)
or
([Asys] + [AAsys]) = ([rsys] + [A rsys])([Asys]
+ [AAsys])([chys] + [Aq)sys]) (15)

The matrix of admixture coefficients for [cDQy;] is [C®], and the
matrix of admixture coefficients for [[yy ] is [C"], that s,

[ ] = [Dgy] + [ADyy ] = [Dyys] + [Py [[C*T” (16)

sys
[r, ] = [rsys] + [Arsys] = [rsys] + [Cr][rsys] (17)

sys

Substituting Eqs. (16) and (17) into Eq. (15) yields
([Asys] + [AAsys]) = ([rsys] + [Cr][rsys])([Asys] + [AAsys])
X([(Dsys] + [(Dsys][cqj]r) (18)

Given that [C*®] is a first-order perturbation term, then [C"] is also
a first-order term; this is developed in Proof 2 of Appendix A. The
first-order perturbation of Eq. (18) is

[A Asys] = [Cr][Asys] + [rsys][A Asys][q)sys] + [Asys][CCDJT (19)
and the diagonal terms are

Alsys,- = {ysys }IT [AAsys]{l{szs }i (20)
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Note that the diagonal terms of [CT][A ;] are of second order (for
the conditionsstatedin Proof 2 of Appendix A) and that the diagonal
terms of [Asys] [C®]" =0 and,therefore,thatneithertermisincluded
in Eq. (20).

The first-order perturbation relationship between [AA,] and
[AAgp] and [AB], derived from Eq. (11), is

[AAyd = ABITIBD OB [AwslIB]
+ (BT [BD " [ABY [AwlIB] + (BT [BD ' [BI”
X [A A l[B] + (BT [BD " [BI [Awsl[AB] 1)

Introducing the term [Cyy] =[B]7 [B] provides a means of divid-
ing the task of finding the first-order perturbation relationship into
several smaller steps. With the introduction of this new matrix, the
expression for the [A A, ] relationship becomes

[AAsys] = A([Csys]_l)[ﬂ]T[Asub][ﬂ] + [Csys]_l[Aﬂ]T[Asub][ﬂ]
+ [Csys]_l [ﬂ]T[AAsub][ﬂ] + [Csys]_l[ﬂ]T[Asub][Aﬂ] (22)

Given the conditions stated in Proof 3 of Appendix A, the first-
order perturbation of A([Cyy]™") is

A([Csys]_l) = _[Csys]_l [Acsys][csys]_l (23)

By definition, the [C,y] matrix is [8]7[B]; therefore, the first-order
perturbation of the [Cyy,] matrix is

[ACy] =[AB[B] + [BI[AB] 24

Now, the first-order perturbation relations are known between
[AAgy] and [AB] and [A Agy].

As shown in Proof 3 of Appendix A, the first-order perturbation
of Eq. (10) is

[AdT A ANANTAL] = [Ad]'[AA]
[AB] = |~--mmmm wmmmmmme oo (25)

Because [A onsirain] 18 @ constant matrix, for a given substructure
connectivity, the first-order perturbationrelation for [ A consiraint [ D" ]
is

[AAconslraimCD”] = [Aconslraim][Ach] (26)

These first-order perturbation relationships form the basis for the
transformation matrices developed in step two of the structural sys-
tem redesign process.

B. Developing Transformation Matrices

The transformationmatrices thatdescribethe changesin the struc-
tural system eigenvaluesin terms of the changes in the substructure
eigenvaluesare developedin step two. The first transformation ma-
trix is formed by examining Eq. (20), which is the basis for the
redesignequation for the ith system eigenvalue. Assume that not all
of the system eigenvaluesrequire a prescribed change. For instance,
if the first, third, and seventh eigenvalues are to be changed, then

Adgy,
{A lsys} = Alsysg 27
Adgys,
In this case, the first, third, and seventh system eigenvalues will
define the redesign constraint equations [not to be confused with
the physical constraint equations of Eq. (6)].

Step two begins by writing Eq. (20) in the form of a transformation
matrix for all of the system eigenvaluesthat define the redesign con-
straint equations. This transformation matrix [T].sys, Asyg] describes
the first-order perturbation relationships between changes in [A;y]
and changesin {A}, that s,

{Adgys} = [Tlsys,Asys]{AAsys} (28)

The transformation matrix predicting changes in [Asy;] based on
changes on [Cy 17!, [B], and [Ay ], developed from Eq. (22), is

{AAys} = [TAsys,Cg,i]{A(CS)’S)_I } + [TAsyst]{Aﬂ}
+ [TAsys,Asub]{A Asub} (29)

The transformation matrix from the [Cyy] space to the [Cyy]™!
space, following directly from Eq. (23), is

{ACy) '} =T, HACs) (30)

-1
sys» Csys

The transformation matrix for changes in [Cyy,] due to changes in
[B], taken from Eq. (24), is then

{ACys} = [Tey. s {AB} (31

At this point, several first-order perturbation relationships have
been derived and the corresponding transformation matrices have
been developed. Equations (28-31) are combined to form

{Alsys} = [Tﬂ.sys,/?]{Aﬂ} + [T).Sys,Asub]{AAsub} (32)

where
| D] = T L Tagsc5t ] L Tt ol L Tes]

+| T ] L e (33)
| Tt ] =1 Trgecte ] L Tage ] (34)

The formation of transformationmatrices continues with the change
in [B] arising from changes in the physical constraint equations,
developed from Eq. (25), written as

{Aﬂ} = LTﬁ»AconslmimmJ {AAconsIraimCD” } (35)

The conversion from the changes in substructure eigenvectors to
changes in physical constraints, derived from Eq. (26), is

{A Aconsraine o } = [T HAD"} (36)

The transformations described by Egs. (35) and (36) are combined
with Eq. (32) to form

{Alsys} = [T).Sys,cb]{A(Dn} + [T}.Sys,Asub] + {AAsub} (37)

where

[ Togew) = | Toges) | T Acomsmaine 0] | Ticonsiin 0.0 ] (38)

Next, {A®"} and {A Ay} will be related back to {A Ay}

It is assumed that the sensitivity of the substructure eigenvec-
tors with respect to the substructure eigenvalues is known a priori.
This step is consequential to the development of the perturbation
relationships and can be a limiting factor in the magnitude of the
allowable changes in the system eigenvalues. The sensitivity can be
determined easily, however, via a numerical sensitivity study or the
applicationof LEAP theory. Because small changesin the substruc-
ture eigenvalues are being made, a numerical sensitivity study may
be more straightforward and appropriate. Note that the sensitivity
relationship for each substructure can be determined independent-
ly so that these relationships can be processed in parallel. The sen-
sitivity relationship is represented, in transformation matrix form,
as

{AD"} = [Ty 5 [{A Aqun ) (39)
It is clear from Eq. (5) that [A,,] was created from the substruc-

ture eigenvalues. The transformation matrix between {A Ay} and
{A Agyp }, therefore, is composed of zeros and ones,

{AAsub} = [TAsub,ﬂ.sub]{Alsub} (40)
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The transformationsin Egs. (39) and (40) are combined with those
found in Eq. (37) to form the ultimate transformation matrix

{Alsys} = [T}.Sys,}.sub]{Alsub} (41)

where

[Ty = [Tlsys,Asys](

+ [TAsyS»Asub ][TAsub»]-sub ]

The ultimate structural transformationmatrix [Eq. (42)] results from
deriving the first-order perturbation relationship between the sub-
structure eigenvalues and the structural system eigenvalues. This
transformation matrix is the basis for the third step in the structural
redesign process.

C. Predicting Substructure Changes

The third step in the structural system redesign process is com-
pleted by solving a simple minimization problem. The structural
transformation matrix developed in step two is a set of equality
constraint equations. The objective is to minimize the sum of the
square of the fractionalchangein the substructureeigenvalues while
satisfying the constraints. A scaling technique must be applied to
Eq. (41), therefore, before this objective function can be used. This
scaling will facilitateminimizing the fractional changesin the eigen-
values instead of the absolute changes.

The a notation is used to denote a fractional change, and the
{ansys } and {a s } vectors are defined such that

{Alsys} = lAsst {aﬂ.sys }a {Alsub} = [Asub]{aﬂ.sub} (43)

A scaled transformation matrix [7,] is formed such that

—1.10E-0 |6.92E—-0
—3.03E-3 |4.55E-0

{o,. ) =1T{os,,, } (44)
(7] = —272E+1 3.55E—-0 731E+1 |1.27E-1
T |-190E-2 -227E-2 -5.26E-2 |3.33E-1
where
[T(x] = [1/Asys][T}.Sys,}.sub][Asub] (45)

and the constraint equations are now written in terms of fractional
changes.

This minimization problem may be satisfied via the generalized
inverse when the problem is underconstrained. The solution to the
underconstrainedminimization problem are the predicted fractional
changes in the substructure eigenvalues:

{azsub} = [T(l]+ {aﬂ-sys} (46)
where
[T,]" =[T.) (TT1)" (47)
or
(A2} = (AT 1/ Ay J{A Ay} (48)

The result of the structural system redesign process is a set of
changes to the substructure eigenvalues that approaches the objec-
tive changes to the structural system eigenvalues. Specifically, the
objective function of this minimization problem is the sum of the
squared fractionalchanges of the substructureeigenvalues.One fea-
ture of this objective function makes it desirable for the structural

system redesign process. The burden of satisfying the redesign con-
straint equations for the objective structural system eigenvalues is
distributed among all of the fractional changes in the substructure
eigenvalues, independent of the magnitude of those substructure
eigenvalues. This allows relatively large changes in the structural
system eigenvalues compared to other objective functions.

( [TAs)'s,Cs;'i ] [TC;/i Csys ][TCsyS»/}] + [TAsys”B ]) [T,B Aconstraint & ] [TAcnnslruim o, P ] [TCDJ-sub ]) (42)

IV. Example

Two simple types of substructures are used to demonstrate the
structural system redesign process. These suspensionand plate sub-
structures are represented schematically in Fig. 1. The dynamic
equations for these substructures are in modal form, the plate was
derived via a finite element analysis, and the suspension was de-
rived from first principles. The specific numerical values are listed
in Appendix B and summarized in Table A1l.

The structural system is an isolated platform, shown schemati-
cally in Fig. 2, consisting of a plate and four suspension substruc-
tures. The plate is substructure 1 and includes rigid body modes
and three elastic modes. Only the eigenvalues corresponding to the
elastic modes can be changed, so that only these eigenvalues are
included in the transformation matrices. The four suspensions are
substructures 2-5. Substructures 2-4 include two modes whereas
substructure 5 includes one mode. The structural system is syn-
thesized via CMS. The first five eigenvalues for this structure are:
18.36,34.16,39.35,72.67, and 183.01 rad/s.

Itis assumed that the first two structural system eigenvalues must
be changed. Knowing which eigenvalues are to be changed, along
with the mathematical description of the baseline structure, is all of
the information needed to begin the redesign process. Each transfor-
mation matrix in the structural system redesign process is formed
from the corresponding first-order perturbation relationship. The
[T,] transformation matrix for this example is

2.35E-0 |8.50E-2

—8.59E—1 |5.29E-2
—3.81E-8 |2.12E-8

—-2.06E-7 |6.68E—1
(49)

This transformationis used to predictthe changesin the substructure
eigenvalues that will produce, in turn, the objective changes in the
structural system eigenvalues.
| X(ty1
@
ky
X2

ky

Xoat 4 o3

X1 T_ T X2

Fig.1 Schematic of suspension and plate substructures.

Fig. 2 Schematic of an isolated plat-
form.
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Each set of objective changes in the structural system eigenval-
ues corresponds to a predicted set of changes in the substructure
eigenvalues. For instance, when the objective change in the first
eigenvalue of the structure is —2% and the objective change in
the second eigenvalue is +1%, then the corresponding fractional
changes in the substructure eigenvalues are

=5.15E-4
—3.82E-4
—4.68E—4
5.96E-3
—6.14E-5
() =TT e ) = U 0 e
1.52E-5
5.51E-7
-5.57E-6

(1.L19E—2)

Introducing the predicted substructureeigenvalue changes in the
full nonlinearequations, in general, will notexactly produce the ob-
jective changes in the structural system eigenvalues. The structural
system eigenvalues that result from this substitution are called the
actualeigenvalues.The actual eigenvaluesand objectiveeigenvalues
of the structural system are, respectively,

17.97 17.99
{lsys}aclual = {34 55 }a {lsys }objcclivc = { } (51)

34.50
The error between the ith objective system eigenvalue and the ith
actual eigenvalueis defined as

(l ) _ (lsysi)objcclivc - (lsysi)aclual
sysiJerror —

(52)

(lsy si )objcclivc

and the error in the first and second structural system eigenvalues
are

(lsysl)cn'or = 012%, (lsySZ)cn‘or =-0.13% (53)

This erroris small with respectto the objective changesas expected.

The value of the actual structural systemeigenvaluesis dependent
on all of the objective eigenvalue changes. That is, the actual struc-
tural system eigenvalues are derived from the predicted changes in
the substructureeigenvalues. The predicted changes in the substruc-
ture eigenvalues are determined, in turn, by the objective changes
in all of the structural system eigenvalues via Eq. (41). The error for
each of the structural system eigenvalues, as defined by Eq. (52),
is, therefore, a function of the objective changes in all of the struc-
tural system eigenvalues. Presently, this will become clear when a
domain of structural system eigenvalue changes is introduced.

Changes in the first and second eigenvalues of the structural sys-
tem produce a two-dimensional domain. The error between the ob-
jective eigenvalues and the resulting eigenvalues is calculated over
this domain via Eq. (52). The resultis an error surface over the do-
main of the changes in objective eigenvalues. Because there are two
eigenvalues being changed, two error surfaces will result. The first
error surface correspondsto the error in the first eigenvalue over the
domain, and the second error surface correspondsto the error in the
second eigenvalue. The first and second eigenvalues are varied by
+5% and the error surfaces resulting from this domain are shown
in Figs. 3 and 4.

V. Discussion

The applicability of the process needs to be addressed. The struc-
tural system may be represented by modal expansions but not nec-
essarily represented by finite element models. In fact, the redesign
process developed in this work is applicable to any assemblage of
substructures that can be represented by linear, time-invariant sets
of equations.In this work, however, the developmentof the redesign
process is presented in terms of a structural description.

% Error: lernbda 1

% Change: lambda 1 SR % Change: lambds 2

Fig.3 Error surface for the first eigenvalue of the structural system.

% Errar. fambda 2

% Change: lambda 1 S 5

% Chenge: lambda 2

Fig.4 Error surface for the second eigenvalue of the structural system.

The results summarized in Figs. 3 and 4 demonstrate two impor-
tant properties of the structural system redesign process. First, the
accuracy of the process can be evaluated for this example. Recall
that the transformation matrices are derived from first-order pertur-
bation relationships. The error surfaces, therefore, should exhibit
two properties of first-order perturbationrelationships. The error in
eigenvalue predictions should be zero when the objective change in
the eigenvaluesis zero, and the slope at this zero-zero point should
be zero. Both Figs. 3 and 4 exhibit these properties. The application
of this process, therefore,is yielding appropriateresults. The second
issue is the domain of allowable changes for this example.

Appropriate application of this process is dependent on the mag-
nitude of the objective changes in the structural system eigenvalues.
This directly results from the assumptions made in the proofs pre-
sented in Appendix A. In the example, the changes shown for the
first and second eigenvalues are =5%. Figure 4 shows that this do-
main is appropriate according to the error in the second eigenvalue.
The maximum error in the second eigenvalue is —1.6%; this error
occurs when the first eigenvalueis changed by —5% and the second
eigenvalueis changed by +5%. Part of this domain, however, is not
appropriate according to the error in the first eigenvalue. Figure 3
shows that the error in the first eigenvalue is large (i.e., on the order
of the objective changes in the eigenvalues) when the change in the
first eigenvalue is positive and the change in the second eigenvalue
is negative. To achieve changes in this direction, several smaller
incremental changes must be made.

In addition to the issues raised by the example, several develop-
ment and implementation issues exist with this process and need to
be addressed. The development issue is the use of multiple trans-
formation matrices. This representationhas two major advantages.
The major advantage is that it reduces an otherwise complex set
of perturbation equations into several smaller sets of perturbation
equations. This makes the derivation and explanationof the ultimate
transformation matrix easier. Perhaps more importantly, it provides
a framework on which future perturbationrelationships can be de-
rived more readily.

The first-order perturbation relationship derived relates the
changes in the structural system eigenvalues to the changes in the
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substructure eigenvalues. In future work, it may be desirable to
find the perturbation relationships involving other changes. These
changes may include global unforced responses such as structural
systemmodes or forced responses such as maximum displacements,
accelerations, or stresses. If other changes are desired, the first-
order perturbation relationship needs only to be found with respect
to a perturbation relationship that is already known. For instance,
the relationship between changes in the structural modes and the
substructure eigenvalues may be desired. Because changes in the
structural modes [®y,] are functions of the changes in [Ay], the
[Ty sy Asyg] transformation matrix would have to be derived. This
would be the only new transformation matrix that would have to be
derived. The [T, oS, 1sub] transformation matrix is already presented
in this work. In this way, less development work will be required
as various first-order perturbationrelationshipsare developedin the
future.

A majority of the first-order perturbationrelationshipsdeveloped
are required due to the [B] transformation matrix. It is tempting to
assume that first-orderchangesin the substructureeigenvectorsonly
cause second-order changes in the system eigenvalues. The system
eigenvalues are based on Ritz approximations of the system eigen-
vectorsthatare linear combinationsof the substructureeigenvectors,
and, therefore, first-order changes to the substructure eigenvectors
should only cause second-orderchanges to the system eigenvalues.
This is not the case, however, due to the matrix inversions required
in the formation of [A] and [B]. The Ritz argument is applica-
ble when [A,] is constant and the Ritz functions approximating
the system eigenvectors are perturbed. This explicit second-order
relationshipis accounted for in Eq. (6) when the diagonal terms are
eliminated. In this case, however, [Asy;] itself is being perturbed.

VI. Conclusions

The process developed in this work is a powerful new engineer-
ing tool for redesigningstructural systems. This work establishesthe
critical link between two authoritative modeling techniques, com-
ponentmode synthesisand large admissible perturbationtheory. For
the first time, analytical perturbation results are developed for the
redesign of a structural system composed of a virtually unlimited
hierarchy of substructures. This will allow new flexibility in the re-
design of structural models. Because the perturbation relationships
are cast in terms of transformation matrices, this process forms the
basis for future developments in structural system redesign when
other static and dynamic objectives are to be achieved.

Appendix A: Proofs

The following definitions are required for the ensuing proofs:

1) Here, ¢ is an arbitrarily small positive number.

2) Here, n is the number of rows and columns in the following
matrices.

3) [X] is an arbitrary invertable baseline matrix.

4) [Y]is defined as [ X]~".

5) [X'] and [Y'] are invertable objective matrices.

6) [A X]and [AY] are matrices of changes to the elements of [X ]
and [Y], respectively.

7) [C*] and [CY] are admixture coefficient matrices, where
C;=0,ICS| < e

8) Here, ();; refers to the element in row i and column j of the
matrix within ().

Then

[X']= [X]+ [AX]= [X]+ [X]C¥] = X111+ [C*])
(Y= [Y]+[AY]= [Y]+ [CT]Y]= (U] +[C'DIY]

1= [x]7", 1= [x7"

Proof 1: We wish to prove that the error in the estimate
(U1+ [CXD)~'=([I] - [C*]) is bounded by some small §<K¢&
when the admixture coefficients for the matrix [X] are bounded
by e&. That is, we wish to prove that every term in the
matrix (([/]+ [C*X])"! = ([/]-[CX])) is bounded by &, or
(1 +[C*D™" = (L] =[CX])y;] < 8, where § < €.

Premultiplying the identity [I]—[C¥][C¥]= ([I]+ [C¥])
([71-1C*]) by ([I]1+[C*])~" and postmultiplying by ([/]-
[CXI[C*])™" yields

[+ [C¥D™ =] = [C*D] = [P~
Note that, in general,
1] = [C*T" = (1] = [CXI")(AIT] + [C¥]™)
or
(1= [CXI~" = U1+ [C*T) (A = [C¥ P!
This leads to
{11+ [c*p™
= ([ = [C*DUT + [C*PHT + [CXTH(AT + [CXP) ...
or
(11 +[C*D7 =] = [C*DALT + [C*P)
X (U] + [CXIHAIT + [CYTP) ...
which yields
[+ XD =11 - [CX])([I] + il[CX]z”’)
and subtracting ([/] — [CX]) gives
(11 +[C*D7! =] = [C*]) = [C*]? i(—l)”’[CX]”’

m=0

Recall that ICI.’I(.I < & Vi £ j,andso [([C*1%);;] < né&®. Then the
terms in the matrix (([/] + [CX])~! = ([I] = [C*X])) are boundedby

ne?

(1 +[C*D™ = (11 = [C*D)y| < e 3 (ne)" =

m=0

1 —ne
leading directly to
(@ +C¥D™ = (1= [C¥D)y| < 6

where 5 =[ne?/(1 —ne)] and << ¢ for values of € < 1/2n.

Proof 2: We wish to prove that the error in the estimate
[CY]=—[C*]is bounded by some small 5§ < & when the admixture
coefficients for the matrix [ X] are bounded by ¢. A new matrix [D]
is defined as [D]= [CY] + [C*]. Now we wish to prove that every
term in the matrix [D] is bounded by § < ¢, or |D;;| < &, where
‘K e.

[Y'] is defined such that

[Y'1[x']= [1]
expanding primed matrices
(Y1 + [AYDAXT + [AX]) = [1]
and subtracting [Y][X] = [1],
[YIIAX] + [AY)([X] + [AX]) = [0]

Substituting the matrix of admixture coefficients for [A X]and [A Y]
yields

YIXIC¥T + [CM Y I(X] + [X][C*]) = [0]
or
[C¥]+ [CTY1]+ [C*]) =[0]

and substituting [D] = [CY] + [C¥],



FERRIS, BERNITSAS, AND STEIN 153

(D] = [C*)[C¥] - [DI[CY)
or
(DY + [C¥]) = [C¥IIC™]
Postmultiplying by ([1]+ [C¥])~" yields an expression for [D]:
[D] = [C¥P([1] + [C¥])”
where each term is
D, = S (CPY (] + [C¥) )y

Itis known from Proof 1 that |(([/]+ [CX])™! = ([I]1 - [C*]));] <
8, where 8=nsg?/(1 — ne), and recall that ICI.’I(.I < ¢, so that
[([C*1%);;] < ne?. Then the terms of [D] are bounded by

n

2
IDijl < D (n&M)u (([I] = [C* Dy + ln—gns)

k=1

or
|D;;| < net + n*ed + [n’e*/(1 — ne)l

and the proof that |D;;| <8, where 8={ne+n’e® +[ne/
(1 —ne)]je and § < ¢ for values of ¢ < 1/2n.

Proof 3: We wish to prove that the error in the esti-
mate A([X]™)) = —[X]'[AX][X]™!, or, equivalently, [AY] =
—[Y][AX][Y] is bounded by some small §<< & when the admix-
ture coefficients for the matrix [X] are bounded by & and the terms
of [Y] are all bounded by &, thatis, |¥;;| < &. Firstanew matrix [D]
is defined as [D]= [Y][A X][Y] + [AY]. That is, we wish to prove
that every term in the matrix [D] is bounded by d, or |D;;| < 6,
where 0 K €.

Recallthat [Y'] is defined such that [X'][Y’] =[I]. Expanding the
prime terms,

(XT+ [AXD(Y]+ [AY]) =[1]
and subtracting [X][Y] = [I], we have
[AX][Y] + ([X]+ [AXD[AY] = [0]

Substituting the admixture coefficient matrices for [AX] and [AY]
yields

[AX][Y]+ [X]([1]+ [C¥DICIIY] = [0]
and premultiplyingby [X]~! =[Y] gives
[YIAX][Y] + [AY] + [C¥][CT]Y] = [0]
or
[D] = —[C*][C"IY]
Now from Proof 2 it follows that
[([C¥IICT | < 208

for values of € < 1/2n. Because the terms of [Y] are all bounded
by &, then |D;;| < & where §=2n?¢?¢, and §< ¢ for values of
ek 1/2n%E.

Appendix B: Example Details
Plate Substructure
The plate substructure (Fig. A1) is 600 mm long and has 6 plate
elements in the x direction and is 1000 mm long and has 10 plate
elementsin the y direction.The thicknessofthe plate elements varies
as indicatedhereafter, where the thickness values are in millimeters.
The modulus of elasticityis 206,800 N/(mm)?, Poisson’s ratiois 0.3,

y-direction

16 11616 18 | 18 | 18

16 |16 | 16 | 18 | 18 | 18

16 |16 [ 16 | 18 | 18 | 18

16 16 | 16| 18 | 18 | 18

12712121141 14]| 14

1211212 | 14| 14| 14

8 (8| 8 f10j10] 10
8| 8| 81010110
8§ | 8| 8]10}10}] 10
8§ | 8| 8]|]10]10]| 10

x-direction

Fig. A1 Plate substructure.

and the density is 7.82E —9 kg/(mm)?>. The first six eigenvaluesand
eigenvectors (for the displacements at the four corners) are

ll = 12 =l3 =0, 14 = 1.536362E +05

As = 1.800375E+05, Ae =9.821307E+05

=7.389 5.075 7.799 13.777
4557 —1.923 10.246 8.498 —16.696 10.432
—8.941 -2.404 -—-4.540 5.061 -7.344 -10.034
3.005 -9.402 -2.093 5.932 5.594 9.140

18.338  —20.455

Suspension Substructures
The suspension substructures are given in Table Al.

Table A1 Suspension substructures

Substructure

number ml m2 ki k2 A {w1} Ao {va}

2 20 10 1000 2500 34.169 0.218 365.83 —0.049
0.069 0.309

3 40 20 1000 2500 17.084 0.154 182.92 —0.034
0.049 0.218

4 20 10 2000 5000 68.338 0.218 731.66 —0.049
0.069 0.309

5 40 20 2000 5000 34.169 0.154 365.83 —0.034
0.049 0.218
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